We present a theoretical study of rotationally elastic and inelastic collisions between molecular nitrogen ions and Rb atoms in the sub-Kelvin temperature regime prevalent in ion-atom hybrid trapping experiments. The cross sections for rotational excitation and de-excitation collisions were calculated using quantum-scattering methods on ab-initio potential energy surfaces for the energetically lowest singlet electronic channel of the system. We find that the rotationally inelastic collision rates are at least an order of magnitude smaller than the charge-exchange rates found in this system, rendering inelastic processes a minor channel under the conditions of typical hybrid trapping experiments.
I. INTRODUCTION
Over the past ten years, the development of methods for the simultaneous confinement of ultracold atoms and ions has progressed rapidly enabling the exploration of interactions between charged and neutral particles in the sub-Kelvin temperature regime [1] [2] [3] [4] [5] . Typical "hybrid" trapping experiments combine radiofrequency ion traps for the trapping and cooling of atomic and molecular ions [6] with magneto-optical [7] [8] [9] [10] [11] , magnetic [12] or optical [13] [14] [15] traps for the confinement of ultracold atoms, typically alkali species such as Rb, Ca or Li. Early studies focussed on elastic, inelastic and reactive collisions between atomic ions and neutral atoms and uncovered an astonishingly rich and diverse chemistry for these seemingly simple diatomic collision systems. Light-assisted processes on electronically excited collision channels were found to play a major role in many systems [8, 16] with non-adiabatic and radiative charge exchange as well as radiative association forming dominant reactive channels [17] . These reactive processes usually compete with elastic and inelastic collisions [18] [19] [20] which change the kinetic and internal energies of the scattering partners, but leave their chemical identity intact.
Most recently, a new focal area has developed in the field which aims at introducing molecular ions into hybrid experiments in order to study interactions between cold molecular ions and neutral atoms [21] [22] [23] [24] . The increased complexity of these collision systems opens up possibilities for more complex collision dynamics [24] and for additional reactive processes involving the formation and breaking of chemical bonds [25] which often compete with one another. The present article is the third in a series of a combined experimental and theoretical study aimed at exploring the role and competition of different collisional processes in the prototypical N + 2 + Rb system in the cold regime. While our previous reports focussed on radiative association [26] and non-adiabatic charge exchange [24] in this system, the present study theoretically investigates the role of rotationally inelastic collisions using quantum scattering calculations on abinitio potential energy surfaces (PES).
As the main result of the present study, we find that the rate coefficients for rotationally inelastic collisions are at least an order of magnitude smaller than those for non-adiabatic charge exchange established in Ref. [24] at the collision energies relevant for hybrid trapping experiments. One can therefore conclude that inelastic processes only play a minor role under typical experimental conditions. The implications of the present findings for other cold molecular-ion alkali-atom collision systems are also discussed. (a) One dimensional cuts of the potentialenergy surface (PES) of the singlet channel of the N + 2 ( 2 Σ + g )+Rb (5s 2 S 1/2 ) collision system as a function of the N + 2 -Rb distance R for different orientation angles θ. The symbols represent the ab-initio points, lines correspond to fits of the ab-initio data to a Legendre expansion up to fourth order. (b) Radial expansion coefficients V λ , λ = 0, 2, 4, of the Legendre expansion of the PES in (a) as a function of R. See text for details.
The potential-energy surface (PES) used in the present scattering calculations is the same as in our previous study [26] , where details on the relevant computational methods can be found. Fig. 1 (a) shows one-dimensional cuts through the PES of the singlet channel from Ref. [26] as a function of the N + 2 -Rb distance R at different N + 2 -Rb orientation angles θ with the N-N bond length fixed at its equilibrium value of r = 1.178Å.
To prepare the PES as input for the multichannel quantum scattering calculations outlined below, we fitted the ab-initio points in Figure 1 (a) to a Legendre expansion up to fourth order [26] :
Here, R is the distance between the centers-of-mass of the collision partners and θ is their orientation angle, while P λ (cos θ) are Legendre polynomials. The expansion coefficients V λ (R) describe the relative strength of the anisotropy of each multipolar term. Because N + 2 is a homonuclear diatomic molecular ion, only even terms in λ occur. Fig. 1 (b) shows the dominant V λ coefficients with λ = 0,2,4. Higher-order terms are not depicted because their contributions are shielded by the steep repulsive potential generated by the λ = 2 term below R = 4Å. The term with λ = 0 corresponds to the isotropic polarizability α 0 of the potential, the λ = 2 term represents the dipolar polarizability α 2 . Together they describe the polarizability as α 0 P 0 + α 2 P 2 (cos θ). Both terms scale with R −4 for R → ∞. The interaction between the molecular ion and the interacting Rb atom is therefore described by the anisotropic forces at short distances up to the repulsive wall and by the attractive long-range forces caused by the molecular charge polarizing the impinging atom. The anisotropy of the interaction which is represented by the λ = 2, 4 terms is the driving force for rotationally inelastic collisions.
Within the interval 2.5Å ≤ R ≤ 20Å, the potential curves of Fig. 1 were fitted to the expansions
where the p n (θ) are expansion coefficients, R 0 (θ) is a fit parameter approximating the position of the minimum of the potential at a given orientation angle θ and the C n (θ) are the long-range multipolar coefficients. The matching point of the two expansions was chosen at R c =10Å. At this point, the long-range interaction already behaves properly at long distances where it should provide the leading term of the long-range interaction which, in this system, is of the form −1/R 4 .
From the averaged value C 4 = (C 4 (0 • ) + 2C 4 (90 • ))/3, we obtained the isotropic dipole polarizability of Rb,
This value is close to the experimental result for isolated Rb atoms (α 0 = 48.7Å 3 [27] ).
The radial coefficients up to fourth order were obtained from a collocation procedure considering the potential curves at θ = 0, 40 and 90 • to obtain the first three coefficients V 0 (R), V 2 (R) and V 4 (R) of the expansion Eq. (1):
The analytical fits are compared to the ab-initio data in Fig.1 (a) . As can be seen, the Legendre expansion up to fourth order represents the potential adequately. In Fig.  1 (b) , the expansion coefficients V λ (R) are plotted as a function of the inter-particle separation R. The numerical values of the fit parameters are listed in Tab. I. The magnitude of the isotropic coefficient V 0 significantly exceeds the one of the anisotropic contributions V 2 and V 4 indicating that the potential is dominated by the strong polarizability of the multi-electron atomic partner, as can be expected from a non-polar molecular ion interacting with a neutral atom. From this finding, one can already expect elastic processes to dominate over inelastic ones in the present system. Moreover, the repulsive part of the V 2 (R) curve effectively shields large parts of the nonvanishing sections of the V 4 (R) potential so that it can be expected that the major inelastic processes will involve changes of two units of rotational angular momentum, i.e., ∆N = ±2. In this work, N denotes the rotational quantum number of N + 2 , j is the quantum number of the total molecular angular momentum without nuclear spin and J is the quantum number of the total angular momentum of the collision system (excluding nuclear spin).
B. Multichannel quantum scattering calculations
In order to obtain rotationally inelastic state-to-state integral scattering cross-sections (ICS), we have employed the ASPIN quantum-scattering code described in Ref. [28] . In the scattering calculations, the atom was treated as a structureless particle while the molecule was incorporated as a rigid rotor with singlet or doublet electron spin.
The integration of the scattering equations for collision energies up to E coll /k B = 1100 K extended out to R = 220Å using a total of 3000 steps. The maximum number of the total angular-momentum quantum number used in the calculations was J max = 350, while the maximum number of rotational channels employed was 23. For calculations at low collision energies up to E coll /k B = 70 mK, the integration of the scattering equations extended out to R = 15000Å using a total of 30000 steps and a maximum total angular-momentum quantum number of J max = 18, while the maximum number of rotational channels employed was 23. We expect that the final scattering observables are numerically accurate to about 5 percent of their reported values.
III. RESULTS AND DISCUSSION
ICS for rotationally elastic collisions are reported in Fig. 2 . In the results shown in Fig. 2 (a) , the N + 2 moiety has been treated as a species with pseudo-singlet electron spin, i.e., it was treated as a closed-shell system and spin-rotation coupling was neglected. Elastic cross sections are reported for the lowest rotational levels N = 1,3,5,7 of the molecular ion up to collision energies of E coll /k B = 1000 K. The computed ICS show a monotonic decrease with increasing collision energy which is a general behaviour often observed in elastic cross sections.
The computational validity of treating N + 2 as a pseudosinglet rather than a doublet electronic state, the latter requiring the incorporation of spin-rotation coupling in the scattering calculations, is justified by comparing the ,j=0.5 N=1,j=0.5  N=1,j=1.5 N=1,j=1.5  N=3,j=2.5 N=3,j=2.5  N=3,j=3.5 N=3,j=3.5   N=5,j=4.5 N=5,j=4.5  N=5,j=5.5 N=5,j=5.5  N=7,j=6.5 N=7,j=6.5  N=7,j=7.5 N=7,j=7 spin-rotation resolved elastic cross sections in Fig. 2 (b) with the results for the pseudo-singlet in panel (a). The two sets of cross sections agree well with each other and also show a consistent energy dependence. The marginal differences which we see between the two different approximations are essentially negligible for the purpose of the present discussion of purely rotational effects in the scattering. The pseudo-singlet approach is producing physically reliable values for the quantities of interest here, i.e., rotationally resolved cross sections. We therefore treated the collisional dynamics within the pseudosinglet approximation in order to reduce the computational costs.
Figs. 3 (a) and (b) show ICS for rotational excitation and de-excitation processes, respectively, for the lowest rotational states in collisions between N + 2 and Rb in the energy range up to E coll /k B = 1200 K. Note that only state changes with ∆N =even are allowed assuming the conservation of nuclear spin symmetry during the collision. We clearly see that over the entire range of collision energies examined, the rotational excitation and de-excitation cross sections show a fairly similar behaviour and monotonically increase with collision energy. Both processes exhibit rotationally inelastic cross section on the order of 1-100Å 2 in the interval E coll /k B = 100 − 1000 K which is in line with the expected order of magnitude for such processes in an ionic system, see, e.g., Refs. [29, 30] for comparison. The most distinctive difference lies in transitions involving the low- est rotational states, namely N = 1 to 3 and N = 3 to 5 and vice versa for which we find a factor of two difference between the ICS of the excitation and de-excitation processes. This is reasonable given the different energy gaps exhibited by the two processes. Note also that the cross sections involving changes in the rotational quantum number ∆N = ±4 are about an order of magnitude smaller than those associated with ∆N = ±2, reflecting the relative magnitude of the V λ=2,4 (R) coefficients discussed above.
We now turn to examining the cross sections in the cold regime at collision energies around several tens of millikelvin which are particularly relevant for hybrid trapping experiments. Fig. 4 shows ICS (a) and rate constants k (b,c) for rotationally elastic collisions. The rate constants in Fig. 4 (b) were calculated assuming an infinitely narrow spread of collision energies in the experiment according to
where σ is the ICS and µ the reduced mass of the N + 2 -Rb collision. This situation would approximate an experiment with a high resolution in the collision energy [31, 32] . By contrast, Fig. 4 (c) shows the thermal rate constants obtained by integrating the cross sections over a Maxwell-Boltzmann distribution of velocities at the relevant temperature. In this energy range, the cross sec- tions exhibit marked variations attributed to scattering resonances. While these resonances also manifest themselves in the rate constants in experiments at high energy resolution ( Fig. 4 (b) ), the narrow features are almost completely smoothed out in the rate constants under thermal conditions ( Fig. 4 (c) ).
The physical origin of the narrow resonances in the cross sections should be linked to the rather strong ionic interactions which are driving the present dynamics. The resonances observed in Fig. 4 could be shape resonances in which the system is intermittently trapped in a metastable state behind the centrifugal barrier. In addition, the strong coupling between scattering channels due to long-range ion-neutral interactions can also distort the rotational structure of the isolated molecular target creating virtual excitations to excited rotational states (Feshbach resonances) which can be populated during a short time interval during the collisional events. The narrow widths exhibited by the observed resonances, an indication of their lifetimes, are producing rather limited contributions to the thermal rate coefficients as can be seen in Fig. 4 (c) . Hence, the computational evidence of the occurrence of several narrow resonant features near threshold energies would not translate into observable increases of the overall collision rates over the range of energies of interest studied in thermal experiments. Their observation would therefore require an experiment with a high collision-energy resolution as implied in the rate co-efficients calculated in Fig. 4 (b) in which the resonance structures are preserved.
Generally, the elastic rate coefficients are on the order of 10 −10 cm 3 s −1 in this energy range, similar to other ionic systems, e.g., H + 2 + He [33] , but well below the Langevin rate coefficient k L = 3.5 × 10 −9 cm 3 s −1 for N + 2 + Rb [24] . Fig. 5 shows rotational de-excitation cross sections (a) and rate coefficients (b,c) across the same range of collision energies. Note that rotational excitations are energetically forbidden at these low collision energies. The cross sections again show pronounced modulations as a function of the collision energy pointing to scattering resonances. Some of the strongest resonances, e.g., the one observed in the N = 2 → N = 0 channel around E coll /k B = 5 mK, even manifest themselves in the thermal rate constants after thermal averaging in Fig. 5 (c) . Except at the positions of the strongest resonances observed at high energy resolution, the rotational de-excitation rate coefficients are small with k < 10 −11 cm 3 s −1 in the energy range shown. In particular, they are well below the Langevin limit for this system.
Together with the findings of our previous studies in Refs. [24, 26] , the present results on inelastic and elastic collision cross sections provide a comprehensive picture of the importance of the different types of collisional processes which can occur in the cold scattering of N + + Rb in their relevant ground states. The fastest process is established to be non-adiabatic charge transfer in the triplet scattering channel of N + 2 (X 2 Σ + g ) with Rb (5s 2 S 1/2 ) the rate constants for which were found to be on the order of 1.5 × 10 −9 cm 3 s −1 at collision energies in the range of tens of mK [24] . This value is only about a factor of 3 smaller than the Langevin limit. Charge exchange thus clearly dominates over elastic and inelastic collisions the rate coefficients of which were calculated here to be at least one to two orders of magnitude smaller. By contrast, the rates for radiative association to form the N 2 Rb + complex were found to be at least five orders of magnitude smaller than the Langevin limit, rendering this process insignificant in experiments. This is in line with the experimental results of Ref. [24] in which charge transfer was indeed found to be the dominant chemical process.
We argue that the dynamical picture which has been found here in N + 2 + Rb can qualitatively be transferred to a wider range of cold collision systems consisting of small molecular ions and alkali atoms with a large difference in the ionization potentials of the two species. In these cases, the possible entrance channels of the collisions will likely be highly excited states of the collision complex in which opportunities may arise for non-adiabatic transitions around curve crossings with other excited states. In this scenario, charge exchange will likely be the kinetically dominating process, as in N + 2 + Rb and most probably also O + 2 + Rb [24] . Rotationally inelastic collisions, as studied here, and competing reactive processes such as radiative association [26] are likely to exhibit considerably smaller rates. Of course, this does not preclude the possibility of other fast chemical processes which may occur depending on the specific system [23] .
IV. CONCLUSIONS
In this work we have calculated the rate coefficients of elastic and rotationally inelastic collisions in the N + 2 (X 2 Σ + g ) + Rb (5s 2 S 1/2 ) system. Collision cross sections were obtained from multichannel quantumscattering calculations performed on ab-initio potentialenergy surfaces of the lowest singlet collision channel. The magnitude and the general trends observed for both the elastic and inelastic cross sections were found to be in line with similar ionic collision systems explored in previous studies. Notably, the elastic and inelastic collision rates were found to be considerably smaller than the charge-transfer reaction rates [24] . Thus, it can be expected that any inelastic processes will be dominated by reactive processes in this system and inelastic collisions will play a small role under typical experimental conditions. Similar scenarios are likely to be found over a wider range of collision systems involving small molecular ions and alkali atoms with a large difference in the ionization energies between the two species.
